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Abstract
Equivariant differential characters of second order are defined. Fur-
thermore, it is shown that the Cheeger-Chern-Simons construction deter-
mines in a natural way Aut+P -equivariant differential characteres on the
space of connections AP of a principal G-bundle. Associated to this equiv-
ariant differential characters we have Aut+P -equivariant U(1)-bundles
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1 Introduction
The subject that is now called differential cohomology begins with the paper
[2] where the secondary characteristic classes introduced by Chern and Simons
in [3] are interpreted in terms of differential characters, i.e., homomorphisms
χ : Zk−1(M)→ R/Z such that there exists ω ∈ Ω
k(M) (called the curvature of
χ) satisfying χ(∂T ) =
∫
T
ωmodZ for any cycle T ∈ Zk−1(M). The space of
equivariant differential characters of order k is denoted by Hˆk(M). We recall the
principal result proved in [2]. Let G be a Lie group and let us fix a characteristic
pair ~p = (p,Υ) of degree r, where p ∈ Ir(G) is a Weil polynomial and Υ ∈
H2r(BG) a compatible characteristic class. Then to any principal G-bundle
P → M with connection A, it is associated in a natural way a differential
character ξ~pA ∈ Hˆ
2r(M) with curvature p(FA) ∈ Ω
2r(M), where FA is the
curvature of A.
1
If m = dimM < 2r − 1 we trivially have ξ~pA = 0 by dimensional reasons.
However, we show that also in this case the Cheeger-Chern-Simons character
provides interesting geometrical information about the geometry of the space
of connections AP . We denote by Aut
+P the group of automorphisms of P
preserving the orientation on M and by D+M the group of orientation preserving
diffeomorphisms of M .
We recall (e.g. see [5], [12]) that a family of connections on a principal
G-bundle P → M parametrized by a manifold X can be determined by a
connection B on a principal G-bundle Z → Y , and a bundle π : Y → X of fiber
M such that for any x ∈ X the bundle Z|Yx → Yx is isomorphic to P → M .
For any x ∈ X the restriction of B defines a connection on a bundle Z|Yx → Yx
isomorphic to P →M . Hence B determines a map X → AP /Aut
+P .
We can assign to this family of connections the number ξ~pB(Y ) ∈ R/Z. Hence,
ifm < 2r−1 and k = 2r−1−m, the Cheeger-Chern-Simons construction can be
interpreted as a map that assigns a number ξ~pB(Y ) ∈ R/Z to any k-parametric
family of connections (B,Z → Y → X). By this reason we can think that we
will obtain a differential character Ξ~pP ∈ Hˆ
k(AP /Aut
+P ). However, there are
several problems in this construction.
First of all, the space AP /Aut
+P is not a differential manifold because it has
singular points. Furthermore, even if we restrict to a subgroup G ⊂ Aut+P such
that AP /G is a differential manifold, we do not obtain a differential character in
AP /G (see Section 5). Another problem is that there can be connections B, B
′
on Z → Y such that they define the same family of connections, (i.e., the restric-
tion of B and B′ to Z|Yx → Yx coincide for any x ∈ X) but ξ
~p
B(Y ) 6= ξ
~p
B′(Y ).
The natural way to try to solve this problem is to replace Hˆk(AP /Aut
+P ) with
an equivariant version Hˆk
Aut+P
(AP ). The problem is to find an adequate defi-
nition of the space of equivariant differential characters Hˆk
Aut+P
(AP ). Several
definitions of equivariant differential cohomology has been introduced recently
([14],[17],[20]). We recall that the basic idea to define equivariant differential
cohomology is by using the Borel homotopy quotient. Precisely, if a group G
acts on a manifold M , then we can define the G-equivariant differential coho-
mology of M by HˆkG(M) = Hˆ
k(MG), where EG → BG is a universal bundle for
the group G and MG = (M ×EG)/G the Borel homotopy quotient. Let P →M
be a G-equivariant principal G-bundle with a G-invariant connection A. If Θ
is a connection on EG → BG then A and Θ determine a connection AΘ on
PG →MG and we can consider the equivariant Cheeger-Chern-Simons differen-
tial character ξ~pAΘ ∈ Hˆ
2r
G (M). In the case of the space of connections, the bundle
P×AP →M×AP admits a tautological connection A that is invariant under the
action of the group AutP . By applying the preceding construction to the connec-
tion A we obtain an equivariant differential character ξ~p
AΘ
∈ Hˆ2r
Aut+P
(M ×AP )
and by integration over M we obtain
∫
M
ξ~p
AΘ
∈ Hˆ2r−m
Aut+P
(AP ). However, again
there are technical problems in this construction, and we will not follow it. First
of all, differential cohomology needs a differentiable structure for its definition.
Even for finite dimensional manifolds and groups the space EG is not a finite
dimensional manifold. To avoid this problem, we can consider EG as an infinite
2
dimensional manifold, consider finite dimensional approximations of EG ([19]),
replace EG by a simplicial manifold (e.g. see [17], [13]), etc. The situation in
our case is even more problematic, because the group Aut+P should be consid-
ered as an infinite dimensional Fre´chet Lie group. Furthermore, this definition
of equivariant differential cohomology depends on the universal bundle EG and
the connection Θ chosen.
In this paper we solve the problem for k = 2, i.e., we give a simple defini-
tion of Hˆ2
Aut+P
(AP ) that does not involve universal bundles or other auxiliary
structures. Furthermore, we prove that if P → M is a principal G bundle
with dimM = 2r − 2, then for any characteristic pair ~p of degree r we have an
equivariant differential character Ξ~pP ∈ Hˆ
2
Aut+P
(AP ).
Our definition of equivariant differential characters is based in the defini-
tion of equivariant holonomy in [10]. As it is well known (e.g. see [2]) the
prototypical example of a differential character is the log-holonomy of a con-
nection on a U(1)-bundle (or what it is equivalent, on a hermitian line bundle).
Moreover, (e.g. see [16]), second order differential characters classify principal
U(1)-bundles with connection up to isomorphism. More precisely, if UC(M)
denotes the set of principal U(1)-bundles with connection over a manifold M
modulo isomorphisms, then the map that assigns to a connection its holonomy
induces a bijection
UC(M) ≃ Hˆ2(M). (1)
In the equivariant setting, we can define the equivariant holonomy (e.g. see
[8], [10]) and we can take it as a prototype to define Hˆ2G(M). Let a Lie group G
act on a manifold M . The ordinary holonomy is defined for closed curves. The
equivariant analogous of a closed curve is a curve such that γ(1) = φM (γ(0))
for an element φ ∈ G. Note that in this case, if π : M → M/G is the pro-
jection then π ◦ γ is a closed curve on M/G. Hence for any φ ∈ G we define
Cφ(M) = {γ : [0, 1] → M | γ is piecewise smooth and γ(1) = φM (γ(0))} and
CG(M) = {(φ, γ) : φ ∈ G,γ ∈ Cφ(M)}. The equivariant holonomy is defined
in CG(M) in the following way: Let U → M be a G-equivariant principal
U(1)-bundle with a G-invariant connection Θ, and let (φ, γ) ∈ CG(M). The φ-
equivariant log-holonomy holΘφ (γ) ∈ R/Z of γ is characterized by the property
γ(1) = φP (γ(0)) · exp(2πihol
Θ
φ (γ)) for any Θ-horizontal lift γ : [0, 1] → U of γ.
Equivariant holonomy is studied in [8] for bundles with contractible base and in
[10] for arbitrary bundles. We define a second order G-equivariant differential
character as a map χ : CG(M) → R/Z that satisfies properties similar to those
satisfied by the equivariant log-holonomy (see Section 6 for details), and we de-
note by Hˆ2G(M) the space of second order G-equivariant differential characters.
In this paper we restrict ourselves to the case of contractible M because it is
the case that we need in our application to gauge theory and some proofs are
simpler in this case. The study of Hˆ2G(M) for arbitrary M is left to a separate
paper. Moreover, the isomorphism (1) generalizes to the equivariant setting, i.e.,
if UCG(M) denotes the set of G-equivariant U(1)-bundles with connection over
M modulo isomorphisms, then the map that assigns to a G-equivariant princi-
pal U(1)-bundle with connection Θ its G-equivariant log-holonomy induces an
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isomorphism
UCG(M) ≃ Hˆ
2
G(M). (2)
Associated to a G-equivariant differential character χ ∈ Hˆ2G(M) there is a G-
equivariant closed 2-form (called the G-equivariant curvature of χ) curvG(χ) =
ω+ µ with ω ∈ Ω2(M) closed and G-invariant and where µ is a comoment map
for ω. The curvature ω measures the infinitesimal holonomy, and the moment
µ measures the variation of χ with respect to φ ∈ G.
Now we return to the case of the Cheeger-Chern-Simons characters on AP .
Let ~p = (p,Υ) be a characteristic pair of degree r and let P → M a principal
G-bundle over a compact manifold M of dimension m = 2r− 2. If φ ∈ Aut+P ,
then a curve γ ∈ Cφ(AP ) determines a 1-parametric family of connections i.e.,
a connection Aγ on P × I → M × I such that Aγ |P×{t} = γ(t). We denote by
Pφ = (P × I)/ ∼φ the mapping torus of P , where (y, 0) ∼φ (φP (y), 1) for any
y ∈ P . The condition γ ∈ Cφ(AP ) implies that A
γ projects onto a connection
on Aγφ on Pφ → Mφ. In this way we obtain a family of connections A
γ
φ on
Pφ → Mφ → S
1 parametrized by S1, and we can define a Aut+P -equivariant
differential character Ξ~pP ∈ Hˆ
2
Aut+P
(AP ) by setting Ξ
~p
P (φ, γ) = ξ
~p
Aγ
φ
(Mφ) for
(φ, γ) ∈ CG(AP ). By the isomorphisms (2) Ξ
~p
P determines, up to an isomor-
phism, a Aut+P -equivariant U(1)-bundle over AP with connection.
We recall that in [7] it is shown that ~p and a background connection A0 on
P determine a Aut+P -equivariant U(1)-bundle with connection over AP . The
bundles with connection associated to different A0 are isomorphic, and hence ~p
determines a Aut+P -equivariant U(1)-bundle with connection over AP modulo
an isomorphism. Our approach based in equivariant differential characters clari-
fies this fact completely: The equivariant differential character Ξ~pP is determined
only in terms of the characteristic pair ~p, and it determines an equivariant U(1)-
bundle with connection up to an isomorphism. The background connection A0
is necessary if we want to fix a concrete bundle and connection. In fact, our
motivation to consider equivariant differential characters was precisely to clarify
this point.
The results of [7] can be reinterpreted in terms of equivariant differential
characters. For example, let FP ⊂ AP be the space of flat connections and
let G be a subgroup of Aut+P acting freely on FP . Then Ξ
~p
P projects onto a
differential character Ξ~p,FP ∈ Hˆ
2(FP /G), and hence determines a U(1)-bundle
U~p → FP /G with connection Θ
~p (defined up to an isomorphism). In the case
in which G = SU(2), ~p is the characteristic pair corresponding to the second
Chern class, M is a Riemann surface and P =M × SU(2) the bundle (U~p,Θ~p)
is isomorphic to Quillen’s determinant line bundle.
Moreover, letMM be the space of Riemannian metrics on a compact oriented
manifold M of dimension 4k − 2, let FM →M be the frame bundle of M and
let ~p be the characteristic pair corresponding to the k-th Pontryagin class. Then
we can pull-back the character Ξ~pFM by the Levi-Civita map and we obtain a
equivariant differential character Σ~pMM ∈ Hˆ
2
D+M
(MM ). In the case k = 1, if M
is a Riemann surface of genus g > 1, then Σ~pMM projects onto a equivariant
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differential character Σ~pMM ∈ Hˆ
2
ΓM
(TM ), where TM is the Teichmu¨ller space
of M and ΓM is the mapping class group of M . Furthermore, the curvature
of Σ~pMM is
1
2πσWP, where σWP is the symplectic form associated to the Weil-
Petersson metric on TM . By the isomorphisms (2) we obtain a ΓM -equivariant
prequantization bundle for 12πσWP (determined up to an isomorphism).
Furthermore, there are other important constructions in gauge theory that
can be interpreted as equivariant differential characters. One important example
is Witten global gravitational anomaly formula [22]. We recall that in [22], in
order to study global gravitational anomalies, Witten studies the variation of
the path integral1 Z under the action of the diffeomorphisms group DM . He
introduces a formula that measures the variation of Z along a curve γ : I →MM
such that γ(1) = φ(γ(0)) for a diffeomorphism φ ∈ DM . In our notation he
defines a map w : CDM (MM ) → R/Z by setting w(φ, γ) = lim η(δφ), where η
denotes the Atiyah-Patodi-Singer η-invariant, δφ is an elliptic operator on the
mapping torusMφ and lim denotes adiabatic limit
2. Later Witten’s formula was
interpreted (e.g. see [11]) as a computation of the holonomy of the Bismut-Freed
connection on the quotient determinant line bundle det δ/DM → MM/DM ,
or more precisely, as a computation of the DM -equivariant holonomy on the
equivariant determinant line bundle det δ → MM (see [9], [10]). In particular
w ∈ Hˆ2DM (MM ).
2 Equivariant cohomology in the Cartan model
First, we recall the definition of equivariant cohomology in the Cartan model
(e.g. see [15]). Suppose that we have a left action of a connected Lie group G
on a manifold M . We denote by Ωk(M)G the space of G-invariant k-forms on
M . Let Ω•G(M) = (S
•(g∗)⊗ Ω•(M))G be the space of G-invariant polynomials
on g with values in Ω•(M), with the graduation deg(α) = 2k+r if α ∈ Sk(g∗)⊗
Ωr(M). Let D : ΩqG(M) → Ω
q+1
G (M) be the Cartan differential, (Dα)(X) =
d(α(X))−ιXMα(X) for X ∈ g. On Ω
•
G(M) we haveD
2 = 0, and the equivariant
cohomology (in the Cartan model) ofM with respect of the action ofG is defined
as the cohomology of this complex.
Let ̟ ∈ Ω2G(M) be a G-equivariant 2-form. Then we have ̟ = ω+µ where
ω ∈ Ω2(M) is G-invariant and µ ∈ Hom
(
g,Ω0(M)
)G
. We have Dω = 0 if and
only if dω = 0, and ιXMω = d(µX) for every X ∈ g. Hence µ is a comoment
map for ω.
Let a group G act on a manifold M and let ρ : H → G be a Lie group
homomorphisms. We denote by dρ : h → g the induced map on Lie algebras.
If H acts on another manifold N we say that f : N → M is ρ-equivariant if
f(φN (x)) = ρ(φ)M (f((x))) for any x ∈ N and φ ∈ H . In this case, we have
a map (f, ρ)∗ : Ω2G(M)→ Ω
2
H(N) defined by ((f, ρ)
∗α)(X) = f∗(α(dρ(X))) for
X ∈ h and α ∈ Ω2G(M).
1Z is defined as the regularized determinant of a DM -equivariant familiy of Dirac operators
δg parametrized by Riemannian metrics g ∈MM
2Note the similarity between the definitions of w and Ξ~pP .
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We recall the definition of equivariant characteristic classes (see [1]). Let
H be a group that acts on a principal G-bundle P → M and let A be a
connection on P invariant under the action of H . It can be proved that for
every X ∈ h the g-valued function A(XP ) is of adjoint type and defines a
section of the adjoint bundle vA(X) ∈ Ω
0(M, adP ). For every p ∈ Ir(G) the H-
equivariant characteristic form pAH ∈ Ω
2r
H (M) associated to p and A, is defined
by pAH(X) = p(FA − vA(X)) for every X ∈ h and we have Dp
A
H = 0.
If α ∈ Ωk(M ×N) with M compact and oriented we define
∫
M
α ∈ Ωk−d(N)
by
(∫
M α
)
y
(X1, . . . , Xk−d) =
∫
M ιXk−d · · · ιX1α for y ∈ N , X1, . . . , Xd ∈ TyN .
If k < d we define
∫
M α = 0. We have
∫
N
∫
M α =
∫
M×N α and Stokes theo-
rem d
∫
M
α =
∫
M
dα − (−1)k−d
∫
∂M
α. Furthermore, if a group G acts on M
and N then the integration map is extended to equivariant differential forms∫
M
: ΩkG(M ×N) → Ω
k−d
G (N) by setting
(∫
M
α
)
(X) =
∫
M
(α(X)) for X ∈ g,
and we have D
(∫
M α
)
=
∫
M Dα− (−1)
k−d
∫
∂M α.
3 Equivariant holonomy
In this section we recall the definition and properties of equivariant holonomy
introduced in [8] for bundles with contractible base and in [10] for arbitrary
bundles. Let G be a Lie group with Lie algebra g and let M be a connected
and oriented manifold. A G-equivariant U(1)-bundle is a principal U(1)-bundle
U → M in which G acts (on the left) by principal bundle automorphisms. If
φ ∈ G and y ∈ U , we denote by φU(y) the action of φ on y. In a similar way,
for X ∈ g we denote by XP ∈ X(U) the corresponding vector field on U defined
by XU (x) =
d
dt
∣∣
t=0
exp(−tX)U (x).
We denote by I the interval [0, 1]. If γ : I → M is a curve, we define the
inverse curve←−γ : I →M by ←−γ (t) = γ(1− t). Moreover, if γ1 and γ2 are curves
with γ1(1) = γ2(0) we define γ1∗γ2 : I → R by γ1∗γ2(t) = γ1(2t) for t ∈ [0, 1/2]
and γ1 ∗ γ2(t) = γ2(2t− 1) for t ∈ [1/2, 1]. For any φ ∈ G we define
Cφ(M) = {γ : I →M | γ is piecewise smooth and γ(1) = φM (γ(0))},
and Cφx (M) = {γ ∈ C
φ(M) | γ(0) = x}. Note that if e ∈ G is the identity
element, then Cex(M) = Cx(M) is the space of loops based at x. If φ ∈ G and
γ ∈ Cφ
′
x (M) then we define φ · γ ∈ C
φ·φ′·φ−1
φM (x)
(M) by (φ · γ)(t) = φM (γ(t)).
Let Θ be a G-invariant connection on a G-equivariant U(1)-bundle U →M .
If φ ∈ G and γ ∈ Cφ(M), the φ-equivariant holonomy HolΘφ (γ) ∈ U(1) of γ is
characterized by the property γ(1) = φU(γ(0)) · Hol
Θ
φ (γ) for any Θ-horizontal
lift γ : I → P of γ. We define the φ-equivariant log-holonomy holΘφ (γ) ∈ R/Z
by HolΘφ (γ) = exp(2πihol
Θ
φ (γ)). Note that if γ ∈ C
e
x(M) is a loop on M , then
HolΘe (γ) is the ordinary holonomy of γ. Furthermore, if γ1,γ2 ∈ C
φ(M) differ by
a reparametrization then we have holΘφ (γ1) = hol
Θ
φ (γ2). The following results
are proved in [10]
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Proposition 1 If U → M is a G-equivariant principal U(1)-bundle, and Θ is
a G-invariant connection on U , then for any φ, φ′ ∈ G and x ∈M we have
a) If γ ∈ Cφ
′
(M) then φ · γ ∈ Cφ·φ
′·φ−1(M) and holΘφ·φ′·φ−1(φ · γ) = hol
Θ
φ′(γ).
b) If γ ∈ Cφ(M) and γ′ ∈ Cφ
′
γ(1)(M), then γ ∗ γ
′ ∈ Cφ
′·φ(M) and we have
holΘφ′·φ(γ ∗ γ
′) = holΘφ (γ) + hol
Θ
φ′(γ
′).
c) If γ ∈ Cφ(M) then ←−γ ∈ Cφ
−1
(M) and holΘφ−1(
←−γ ) = −holΘφ (γ).
d) If ζ : I →M is a curve on M such that ζ(0) = γ(0) and γ ∈ Cφ(M) then
←−
ζ ∗ γ ∗ (φ · ζ) ∈ Cφ(M) and holΘφ (
←−
ζ ∗ γ ∗ (φ · ζ)) = holΘφ (γ).
f) Let U ′ → M ′ be another G-equivariant U(1)-bundle with connection and
Φ: U ′ → P be a G-equivariant U(1)-bundle morphism with covers Φ: M ′ →M .
The connection Θ′ = Φ∗Θ is G-invariant and we have holΘ
′
φ (γ) = hol
Θ
φ (Φ ◦ γ)
for any φ ∈ G and γ ∈ Cφ(M ′).
If U →M , U ′ →M are two G-equivariant U(1)-bundles then we write that
U ′ ≃G U if there exists a G-equivariant U(1)-bundle isomorphism Φ: U
′ → U
covering the identity map of M . We say that U is a trivial G-equivariant U(1)-
bundle if U ≃G M × U(1) for an action of G on M and where G acts trivially
on U(1). A G-equivariant U(1)-bundle with connection is a pair (U ,Ξ), where
U → M is a G-equivariant U(1)-bundle and Ξ is a G-invariant connection on
U . We write that (P,Ξ) ≃G (P,Ξ) if there exists a G-equivariant U(1)-bundle
isomorphism Φ: U ′ → U covering the identity map of M such that Φ∗Ξ = Ξ′.
Theorem 2 Let (U ,Ξ) and (U ′,Ξ′) be G-equivariant U(1)-bundles with con-
nection over M .
a) We have (U ,Ξ) ≃G (U
′,Ξ′) if and only if holΞφ(γ) = hol
Ξ′
φ (γ) for any
φ ∈ G, and γ ∈ Cφ(M).
b) The bundle U → M is a trivial G-equivariant U(1)-bundle if and only if
there exists a G-invariant 1-form β ∈ Ω1(M)G such that holΞφ(γ) =
∫
γ
βmodZ
for any φ ∈ G and γ ∈ Cφ(M).
3.1 Equivariant Curvature
If Θ is a G-invariant connection on a principal U(1) bundle U → M then
i
2πD(Θ) projects onto a closed G-equivariant 2-form curvG(Θ) ∈ Ω
2
G(M)) called
the G-equivariant curvature of Θ. If X ∈ g then we have curvG(Θ)(X) =
curv(Θ) + µΘX , where µ
Θ
X = −
i
2πΘ(XP ) is called the momentum of Θ. As it is
well known, for bundles with arbitrary group the curvature of Θ measures the
infinitesimal holonomy. For U(1)-bundles we have a more precise result that is
a generalization of the classical Gauss-Bonnet Theorem for surfaces
Proposition 3 If Σ ⊂M is a 2-dimensional submanifold with boundary ∂Σ =
k⋃
i=1
γi, with γi ∈ C(M) then we have
∑k
i=1 hol
Θ(γi) =
∫
Σ
curv(Θ)modZ.
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In a similar way, the second term of the equivariant curvature, the moment
µΘ measures the variation of holΘφ (γ) with respect φ ∈ G. Precisely, we have
the following result (see [10])
Proposition 4 For any X ∈ g and x ∈M we define τx,X(s) = exp(sX)M (x).
Then τx,X ∈ C
exp(X)
x (M) and we have hol
Θ
exp(X)(τx,X) = µ
Θ
X(x)modZ.
3.2 Contractible base
If M is a contractible manifold, then several aspects can be simplified. As we
want to apply to the spaces of connections and metrics, we study in detail this
case. If M is contractible, then any principal U(1)-bundle is trivializable, and
hence it is enough to study the case of the trivial bundle M × U(1)→M .
For the trivial bundle M × U(1) → M the action of G on M × U(1) is
determined by a map α : G×M → R/Z characterized by the property
φP (x, u) = (φM (x), u · exp(2πi · αφ(x)).
It satisfies the cocycle condition αφ′·φ(x) = αφ(x) + αφ′(φ(x)). Conversely any
cocycle determines an action of G on M × U(1) by U(1)-bundle isomorphisms.
In this case the equivariant holonomy can be studied in terms of the cocycle
αφ(x) (e.g. see [8]). For the trivial bundle, a connection Θ is simply a form of
the type3 Θ = ϑ − 2πiλ for a form λ ∈ Ω1(M) and where ϑ = z−1dz is the
Maurer-Cartan form on U(1).
Proposition 5 If Θ = ϑ − 2πiλ is G-invariant, then for any φ ∈ G and γ ∈
Cφx (M) we have
holΘφ (γ) =
∫
γ
λ− αφ(x).
4 Equivariant differential characters
In this section we define equivariant differential characters of second order as
objects that satisfy properties similar to the equivariant log-holonomy. A similar
definition is introduced in [18] in a different context. Although our definition
is valid for arbitrary manifolds, in this paper we study the case in which the
manifold is contractible because this is the case that we need in our applications
to gauge theory.
Definition 6 A G-equivariant differential character of second order is a map
χ : CG(M)→ R/Z such that there exists a closed G-equivariant 2-form curvG(χ) =
curv(χ) + µχ ∈ Ω2G(M) satisfying the following conditions
i) χ(φ′ · φ, γ′ ∗ γ) = χ(φ′, γ′) + χ(φ, γ) for γ ∈ Cφ(M), γ′ ∈ Cφ
′
γ(1)(M).
3For simplicity in the notation, we use the same notation for forms on M and U(1) and its
pull-backs to M × U(1)
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ii) If ζ is a curve on M such that ζ(0) = γ(0), and γ ∈ Cφ(M) then
←−
ζ ∗ γ ∗
(φ · ζ) ∈ Cφ(M) and χ(φ,
←−
ζ ∗ γ ∗ (φ · ζ)) = χ(φ, γ).
iii) If γ ∈ Ce(M) and γ = ∂Σ for a 2-dimensional submanifold Σ of M then
χ(γ) =
∫
Σ curv(χ)modZ.
iv) For any X ∈ g and x ∈M then we have χ(exp(X), τx,X) = µ
χ
X(x)modZ,
where τx,X ∈ C
exp(X)(M) is defined by τx,X(s) = exp(sX)M (x).
The space of second order differential characters onM is denoted by Hˆ2(M),
and by Hˆ2G(M) the space of G-equivariant differential characters on M . We
have a natural map Hˆ2G(M) → Hˆ
2(M). If Θ is a G-invariant connection on a
U(1)-bundle, we denote by holΘG ∈ Hˆ
2
G(M) the equivariant differential character
determined by holΘG(φ, γ) = hol
Θ
φ (γ) for (φ, γ) ∈ C
G(M).
Lemma 7 If M is connected, χ ∈ Hˆ2G(M) and φ,φ
′ ∈ G, γ, γ′ ∈ Cφ(M) then
we have
a) χ(φ−1,←−γ ) = −χ(φ, γ)
b) φ′ · γ ∈ Cφ
′·φ·(φ′)−1(M) and χ(φ′ · φ · (φ′)−1, φ′ · γ) = χ(φ, γ)
Proof. a) By Properties i) and iii) we have χ(φ−1,←−γ )+χ(φ, γ) = χ(e,←−γ ∗γ) =
0.
b) If τ is a curve on M joining γ(0) and φ′M (γ(0)) then τ ∈ C
φ′(M), ←−γ ∗ τ ∗
(φ · γ) ∈ Cφ
′
(M) and by properties i), ii) and a) we have
χ(φ, τ ) = χ(φ,←−γ ∗ τ ∗ (φ′ · γ)) = −χ(φ, γ) + χ(φ, τ) + χ(φ′ · φ · (φ′)−1, φ′ · γ),
and hence χ(φ′ · φ · (φ′)−1, φ′ · γ) = χ(φ, γ).
Example 8 If β ∈ Ω1(M)G then we can define ς(β) ∈ Hˆ2G(M) by setting
ς(β)(φ, γ) =
∫
γ βmodZ for γ ∈ C
φ(M). We have curvG(ς(β)) = Dβ.
Example 9 If M/G is a manifold, π : M → M/G is the projection and χ ∈
Hˆ2(M/G), then for any γ ∈ Cφ(M) the curve π◦γ is a closed loop on M/G. We
define (π∗Gχ)(φ, γ) = χ(π ◦ γ) and we have π
∗
Gχ ∈ Hˆ
2
G(M) and curvG(π
∗
Gχ) =
π∗(curv(χ)).
Example 10 If ξ ∈ Hom(G,R/Z) we define χ(φ, γ) = ξ(φ) for φ ∈ G and
γ ∈ Cφ(M). We have χ ∈ Hˆ2G(M) and curvG(χ) = dξ, where dξ ∈ Hom(g,R) ⊂
Hom(g,Ω0(M)) is the differential of ξ.
The following construction will appear frequently in our applications to
Gauge theory. Let the groups G and H act on the manifolds M and N re-
spectively, let ρ : H → G be a Lie group homomorphisms and let f : N →M be
a ρ-equivariant map.
Proposition 11 If f : N →M is ρ-equivariant, then any differential character
χ ∈ Hˆ2G(M) defines a H-equivariant differential character (f, ρ)
∗χ ∈ Hˆ2H(N)
by ((f ,ρ)∗χ)(φ, γ) = χ(ρ(φ), f ◦ γ). The H-equivariant curvature of (f, ρ)∗χ is
(f ,ρ)∗(curvG(χ)).
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The following result is based in the construction used in [7] in order to define
the Chern-Simons line bundles for arbitrary Lie groups.
Proposition 12 Let M be a contractible manifold, χ ∈ Hˆ2G(M) and let λ ∈
Ω1(M) be a 1-form such that dλ = curv(χ). Then there exists a unique lift of the
action of G to M×U(1) by U(1)-bundle automorphisms such that Θ = ϑ−2πiλ
is G-invariant and χ = holΘG. Precisely, the action is defined by the cocycle
αφ(x) =
∫
γ λ− χ(φ, γ) for any γ ∈ C
φ
x (M).
Proof. First we show that αφ(x) =
∫
γ λ − χ(φ, γ) does not depend on the
curve γ ∈ Cφx (M). If γ, γ
′ ∈ Cφx (M) then
←−γ ∗ γ′ is a closed loop on M . If
Σ is a submanifold of dimension 2 such that ∂Σ = ←−γ ∗ γ′ (it exists by the
contractibility of M) then by Lemma 7 a) we have
χ(φ, γ′)− χ(φ, γ) = χ(φ,←−γ ∗ γ′) =
∫
Σ
dλ =
∫
←−γ ∗γ′
λ =
∫
γ′
λ−
∫
γ
λ,
and hence
∫
γ
λ− χ(φ, γ) =
∫
γ′
λ− χ(φ, γ′).
Next we prove that α satisfies the cocycle condition. If γ ∈ Cφx (M) and γ
′ ∈
Cφ
′
x (M) we have φ · γ
′ ∈ Cφ
′φφ′−1
φ(x) (M) and (φ · γ
′) ∗ γ ∈ Cφ
′·φ
x (M). Furthermore,
we have
αφ′·φ(x) =
∫
(φ·γ′)∗γ
λ− χ(φ′ · φ, (φ · γ′) ∗ γ)
=
∫
φ·γ′
λ+
∫
γ
λ− χ(φ′ · φ · (φ′)−1, φ · γ′)− χ(φ, γ)
= αφ(x) + αφ′(φ(x))
If x, x′ ∈M and ζ is a curve on M with ζ(0) = x, ζ(1) = x′ and γ ∈ Cφx (M)
then
←−
ζ ∗ γ ∗ (φ · ζ) ∈ Cφx′(M) and by property ii) we have
αφ(x
′) =
∫
←−
ζ ∗γ∗(φ·ζ)
λ− χ(φ,
←−
ζ ∗ γ ∗ (φ · ζ)) =
∫
φ·ζ
λ+
∫
γ
λ−
∫
ζ
λ− χ(φ, γ)
=
∫
ζ
φ∗Mλ+
∫
γ
λ−
∫
ζ
λ− χ(φ, γ) =
∫
ζ
(φ∗Mλ− λ) + αφ(x).
It follows from this condition that αφ(x) is differentiable with respect x and
that
dαφ = φ
∗
Mλ− λ. (3)
The differentiability of α with respect to φ follows from condition iv) in the
definition of equivariant differential character.
We define the connection form Θ = ϑ− 2πiλ ∈ Ω1(M ×U(1), iR). For every
φ ∈ G, using equation (3) we obtain
φ∗M×U(1)Θ = φ
∗
M×U(1)ϑ− 2πiφ
∗
Mλ = (ϑ+ 2πidαφ)− 2πiφ
∗
Mλ
= (ϑ+ 2πi(φ∗Mλ− λ))− 2πiφ
∗
Mλ = Θ.
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Hence Θ is G-invariant and from Proposition 5 it follows that holΘG = χ.
From the preceding theorem we conclude the following
Corollary 13 IfM is contractible, then for any G-equivariant differential char-
acter χ ∈ Hˆ2G(M) there exists a G-equivariant U(1)-bundle with connection
(U ,Θ) such that χ(φ, γ) = holΘφ (γ).
If we denote by UCG(M) the space of G-equivariant U(1)-bundles with con-
nection over M modulo isomorphisms (covering the identity on M), then from
Corollary 13 and Theorem 2 a) we obtain
Corollary 14 IfM is contractible, then the map that assigns to a G-equivariant
U(1)-bundle with connection its G-equivariant log-holonomy determines a bijec-
tion UCG(M) ≃ Hˆ
2
G(M).
Remark 15 It can be seen that the preceding results are also valid for non-
contratible manifolds.
Remark 16 We conclude that a G-equivariant differential character determines
a G-equivariant U(1)-bundle with connection modulo an isomorphism. However,
in order to determine a concrete bundle with connection, it is necessary to give
additional information. In the case of contractible manifolds it is enough to give
a form λ ∈ Ω1(M) such that dλ = curv(χ).
For a contractible manifoldM , Theorem 2 b) easily follows from Proposition
12 by taking λ = β. Furthermore, this result can be interpreted in terms of
differential characters. We recall (see Example 8) that a form β ∈ Ω1(M)G
determines a G-equivariant differential character ς(β) ∈ Hˆ2G(M). Furthermore,
by Theorem 2 b), we obtain the following
Proposition 17 If M is contractible then the G-equivariant U(1)-bundle de-
termined (up to an isomorphism) by χ ∈ Hˆ2G(M) is trivial if and only if there
exists β ∈ Ω1(M)G such that χ = ς(β).
5 Projectable Differential Characters
Suppose that M/G is a manifold, the projection π : M → M/G is smooth and
χ ∈ Hˆ2(M/G). We recall (see Example 9) that we have a differential character
π∗Gχ ∈ Hˆ
2
G(M) with curvG(π
∗
Gχ) = π
∗(curv(χ)), i.e., curv(π∗Gχ) = π
∗curv(χ)
and µπ
∗
Gχ = 0. Conversely, we say that a differential character χ ∈ Hˆ2(M) is
π-projectable if there exists χ ∈ Hˆ2(M/G) such that χ = π∗Gχ. A necessary
condition for χ to be π-projectable is µχ = 0. For free actions, this condition is
also sufficient
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Proposition 18 If G acts freely on a contractible manifold M and π : M →
M/G is a principal G-bundle, then χ ∈ Hˆ2G(M) is π-projectable if and only if
µχ = 0.
Proof. Let λ ∈ Ω1(M) be a 1-form such that dλ = curv(χ) and let Θ = ϑ−2πiλ
be the corresponding connection. For any X ∈ g we have ιXM×U(1)Θ = 2πiµ
χ
X =
0, and as Θ is G-invariant, it projects onto a connection Θ on (M ×U(1))/G→
M/G. It is easily seen that χ = π∗Ghol
Θ
G.
We need also the following generalization of the preceding result, that can
be proved in a similar way
Proposition 19 Let H ⊂ G be a Lie subgroup of G that acts freely on a con-
tractible manifold M and such that π : M → M/H is a principal H-bundle.
Then G acts on M/H, and if φ ∈ G and γ ∈ Cφ(M) then π ◦ γ ∈ Cφ(M/H).
If χ ∈ Hˆ2G(M) then there exists χ ∈ Hˆ
2
G(M/H) such that χ(φ, γ) = χ(π ◦ γ) if
and only if µχ|h = 0.
Remark 20 If H ⊂ G is normal closed subgroup, we can also consider the
action of the quotient group G/H on M/H and if µχ|h = 0 we obtain an element
of Hˆ2G/H(M/H).
6 Integrated equivariant Cheeger-Chern-Simons
differential characters
6.1 Cheeger-Chern-Simons differential characters
We recall the properties of the Cheeger-Chern-Simons differential characters
introduced in [2]. Let M be an oriented manifold and let G be a Lie group with
a finite number of connected components. If ~p = (p,Υ) is a characteristic pair of
degree r for G, then to any principal G-bundle P →M with connection A, it is
associated in a natural way a differential character ξ~pA ∈ Hˆ
2r(M) with curvature
p(FA) ∈ Ω
2r(M). In particular, for any (2r − 1)-dimensional submanifold C ⊂
M with boundary we have ξ~pA(∂C) =
∫
C
p(FA)modZ. We recall that natural
means that for any principalG-bundle P ′ →M ′ and anyG-bundle map f : P ′ →
P we have ξ~pf∗A = f
∗(ξ~pf∗A), where f : M
′ → M is the map induced by f . In
particular, if M is compact, dimM = 2r− 1 and (P,A) is isomorphic to (P,A′)
then ξ~pA(M) = ξ
~p
A′(M).
6.2 Geometry of the space of connections
Let P → M be a principal G-bundle, and let AP be the space of principal
connections on this bundle. As AP is an affine space modeled on Ω
1(M, adP ),
we have canonical isomorphisms TAAP ≃ Ω
1(M, adP ) for any A ∈ AP . We
denote by AutP the group of G-bundle automorphism of P , and by GauP the
subgroup of bundle automorphism covering the identity on M . The Lie algebra
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of AutP is the space of G-invariant vector fields on P , autP ⊂ X(P ), and the
Lie algebra of GauP is the subspace gauP of vertical G-invariant vector fields.
The group AutP acts in a natural way on AP . If M is oriented, we denote by
Aut+P the group of G-bundle automorphism of P preserving the orientation
on M . We also recall that if Gau∗P is the subgroup of gauge transformations
fixing a point of P , then Gau∗P acts freely on AP and AP → AP /Gau
∗P is a
principal Gau∗P -bundle (e.g. see [4]).
The principalG-bundle P = P×AP →M×AP has a tautological connection
A ∈ Ω1(P × AP , g) defined by A(x,A)(X,Y ) = Ax(X) for (x,A) ∈ P × AP , X
∈ TxP , Y ∈ TAAP . We denote by F the curvature of A. The group AutP
acts on P by automorphisms and A is an AutP -invariant connection. As the
connection A is AutP -invariant, for any Weil polynomial p ∈ Ir(G) we can
define the AutP -equivariant characteristic form pAAutP ∈ Ω
2r
AutP (M × AP ) by
pAAutP (X) = p(F− vA(X)) for X ∈ autP .
If M is a compact oriented manifold of dimension n without boundary the
equivariant form pA
Aut+P
∈ Ω2r
Aut+P
(M × AP ) can be integrated over M to
obtain
∫
M p
A
Aut+P
∈ Ω2r−n
Aut+P
(AP ). In particular, if dimM = 2r − 2, we have
̟pP =
∫
M p
A
Aut+P
∈ Ω2
Aut+P
(AP ) that can be written ̟
p
P = ω
p
P +µ
p
P , with µ
p
P a
co-moment map for ωpP . The explicit expression of these forms is (ω
p
P )A(a, b) =
r(r−1)
∫
M
p(a, b, FA,
(r−2). . . , FA) and (µ
p
P )A(X) = −r
∫
M
p(vA(X), FA,
(r−1). . . , FA)
for A ∈ AP , a, b ∈ TAA ≃ Ω
1(M, adP ) and X ∈ autP .
Let A0 be a connection on P → M and let pr1 : P × AP → P denote
the projection, then A and A0 = pr
∗
1A0 are connections on the same bundle
P × AP → M × AP , and hence we can define Tp(A, A0) ∈ Ω
2r−1(M × AP ).
We have p(F) = dTp(A, A0) + pr
∗
1p(F0). In particular, if 2r > n then p(F) =
dTp(A, A0) and hence
∫
M
p(F) = d
∫
M
Tp(A, A0).
6.3 Integrated equivariant Cheeger-Chern-Simons differ-
ential characters
Let G be a Lie group with a finite number of connected components, ~p = (p,Υ)
a characteristic pair of degree r and let P →M be a principal G-bundle over a
compact oriented manifold without boundary of dimension n = 2r − 2.
If (φ, γ) ∈ CAut
+P (AP ) then γ can be extended to a curve γ˜ : R → AP
by setting γ˜(t) = (φAP )
n(γ(s)) if t = n + s for n ∈ Z and s ∈ [0, 1). We
define an action of Z on P × R by setting n · (y, t) = ((φAP )
n(y), t + n) for
n ∈ Z and (y, t) ∈ P × R, and a similar action on M × R. A connection
Aγ ∈ Ω1(P × R, iR) is defined by Aγ(X,h) = γ˜(t)(X) for X ∈ TP , h ∈ TtR,
t ∈ R. Then Aγ is a Z-invariant connection form on the principal G-bundle
P×R→M×R. Hence Aγ projects onto a connection Aγφ on the quotient bundle
(P × R)/Z → (M × R)/Z, and this bundle coincides with the mapping torus
bundle Pφ →Mφ. Hence we can consider the Cheeger-Chern-Simons differential
character ξ~p
Aγ
φ
∈ Hˆ2(Mφ) and we define the integrated Cheeger-Chern-Simons
equivariant differential character Ξ~pP (φ, γ) = ξ
~p
Aγ
φ
(Mφ) ∈ R/Z.
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Remark 21 Strictly speaking, if γ is smooth then Aγ and Aγφ are continuos but
not differentiable in the t direction. This problem can be solved by considering
a smooth non decreasing function τ : I → I such that τ has constant value 0 in
[0, ε] and 1 on [1− ε, 1], and replacing γ with the reparametrization γ ◦ τ . The
bundles with connection (Pφ, A
γ◦τ
φ ) corresponding to different τ are isomorphic
and hence ξ~p
Aγ◦τ
φ
(Mφ) does not depend on the function τ chosen.
In a similar way, if γ is only piecewise smooth, we can consider a smooth
reparametrization of γ in order to obtain a smooth connection on Pφ.
That Ξ~pP is an equivariant differential character with equivariant curvature
̟pP follows from the results in [7]. Precisely it is shown in [7] that if A0 is a
connection on P →M , then we can define a form λ =
∫
M Tp(A, A0) ∈ Ω
1(AP )
such that dλ = ωpP , the map αφ(x) =
∫
γ
λ − Ξ~pP (φ, γ) satisfies the cocycle
condition, the connection Θ = ϑ− 2πiλ is invariant under the action of Aut+P
on AP × U(1) induced by the cocycle α and ιXAP×U(1)Θ = 2πiµ
~p
P . It follows
from Proposition 5 that Ξ~pP = hol
Θ
Aut+P and hence that Ξ
~p
P ∈ Hˆ
2
Aut+P
(AP ).
Alternatively, it is possible to prove directly that Ξ~pP satisfies the conditions in
the definition of equivariant differential character.
In the rest of the paper we show how the results of [7] can be obtained form
the equivariant differential character Ξ~pP .
Example 22 LetM be a Riemann surface, P =M×SU(2) the trivial principal
SU(2)-bundle and ~p the characteristic pair corresponding to the second Chern
class. In this case ̟pP coincide with the Atiyah-Bott symplectic structure ω ∈
Ω2(A) and moment map given by ωpP (a, b) =
1
4π2
∫
M
tr(a ∧ b) and (µpP )X(A) =
1
4π2
∫
M
tr(vA(X)∧F ), for A ∈ AP , a, b ∈ Ω
1(Σ, adQ) ≃ TA(A) and X ∈ autP .
We have a Aut+P -equivariant differential character Ξ~pP ∈ Hˆ
2
Aut+P
(AP ) that by
Corollary 13 determines (up to an isomorphism) a Aut+P -equivariant U(1)-
bundle U~p → AP with connection Θ
~p.
If FP ⊂ AP is the space of flat connections, then we have FP ⊂ (µ
p
P )
−1(0),
and by Proposition 19 Ξ~pP projects onto a Aut
+P -equivariant differential char-
acter Ξ~p,FP ∈ Hˆ
2
Aut+P
(FP /Gau
∗P ) on the moduli space of flat connections. The
connection Θ~p projects to the quotient U~p/Gau∗P → FP /Gau
∗P and is isomor-
phic to Quillen’s determinant line bundle (see [7]).
6.4 Action by Gauge transformations
Now we consider that M is an arbitrary oriented manifold, and P → M a
principal G-bundle. Let C be a compact oriented manifold of dimension 2r− 2
and let c : C → M be a smooth map (for example C can be a submanifold
of M). Then we have a group homomorphism ρ : GauP → Aut+(c∗P ) and a
ρ-equivariant map f : AP → Ac∗P . By Proposition 11 we have an equivariant
differential character (f, ρ)∗Ξ~pc∗P ∈ Hˆ
2
GauP (AP ).
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6.5 Manifolds with boundary
Let M be an oriented manifold with compact boundary ∂M . We denote by
υ : ∂M → M the inclusion map. If P → M is a principal G-bundle, then
we denote by ∂P the bundle υ∗P → ∂M . We have a group homomorphism
ρ : Aut+P → Aut+∂P and a ρ-equivariant map f : AP → A∂P . If ~p = (p,Υ) is
a characteristic pair of degree r and dimM = 2r − 1, then we have the Chern-
Simons character Ξ~p∂P ∈ Hˆ
2(A∂P ). By Proposition 11 these data determine a
differential character (f, ρ)∗Ξ~p∂P ∈ Hˆ
2
Aut+P
(AP ). The equivariant bundles asso-
ciated to the character (f, ρ)∗Ξ~p∂P are called the Chern-Simons bundles. The
reason is that it is shown in [7] that the Chern-Simons action on M determines
a Aut+P -equivariant section them. This fact depends on the background con-
nection A0 chosen in the definition of the bundle and the Chern-Simons action.
We present an intrinsic version of this result.
If q ∈ Ir(M) is a Weil polynomial of degree r and M is a manifold with
compact boundary of dimension 2r − 1, then
∫
M
q(F) ∈ Ω1(AP )
Aut+P .
Proposition 23 If q ∈ Ir(M) is a Weil polynomial of degree r and M is a
compact oriented manifold of dimension 2r − 1, then
∫
M
q(F) ∈ Ω1(AP )
Aut+P
and ς(
∫
M q(F))(φ, γ) =
∫
Mφ
q(FAγ
φ
).
Proof. For any (φ, γ) ∈ CAut
+P (AP ) we have ς(
∫
M
q(F))(φ, γ) =
∫
γ
∫
M
q(F) =∫
M×γ
q(F) =
∫
M×I
q(FAγ ) =
∫
Mφ
q(FAγ
φ
).
Proposition 24 We have (f, ρ)∗Ξ~p∂P = ς(
∫
M p(F)).
Proof. Let us fix (φ, γ) ∈ CAut
+P (AP ) and define χ = (f, ρ)
∗Ξ~p∂P . The curve
γ ∈ Cφ(AP ) induces a curve ∂γ ∈ C
φ(A∂P ). If Pφ → Mφ is the mapping torus
bundle of P , then we have ∂(Pφ) = (∂P )φ. Furthermore, by the properties of
the Cheeger-Chern-Simons characters and the preceding proposition we have
χ(φ, γ) = ξ~p
A∂γ
φ
((∂M)φ) = ξ
~p
Aγ
φ
(∂(Mφ)) =
∫
Mφ
p(FAγ
φ
) = ς(
∫
M p(F))(φ, γ).
In particular, it follows from Proposition 17 that the Aut+P -equivariant
U(1)-bundle associated to (f, ρ)∗Ξ~p∂P is trivial and hence it admits a Aut
+P -
invariant section. We hope that our approach using equivariant differential
characters could be used to study Chern-Simons theory for arbitrary bundles
and groups.
6.6 Riemannian metrics and diffeomorphisms
Let ~p = (p,Υ) a characteristic pair of degree 2k for the group Gl(4k − 2,R).
For example we can consider the pair corresponding to the k-th Pontryagin
class. Let M be a compact oriented manifold without boundary of dimension
n = 4k− 2. We denote by FM →M the frame bundle of M , byMM the space
of Riemannian metrics onM and by D+M the group of orientation preserving dif-
feomorphism of M . As D+M acts in a natural way on F (M) by automorphisms,
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we have a natural homomorphism ρ : D+M → Aut
+F (M). The Levi-Civita map
LC : MM → AFM is ρ-equivariant and hence by Proposition 11 we have an
equivariant differential character Σ~pMM = (LC, ρ)
∗Ξ~pP ∈ Hˆ
2
D+
M
(MM ) with cur-
vature σpMM = (LC, ρ)
∗̟pFM , that can be written σ
p
MM
= ωpMM + µ
p
MM
.
We consider in more detail the case k = 1. IfM is a Riemann surface of genus
g > 1, andM−1M is the space of metrics of constant curvature −1, then we have
M−1M ⊂ (µ
p
MM
)−1(0) (see [6]). If D0M denotes the connected component with
the identity on D+M , then D
0
M acts freely onM
−1
M and the Teichmu¨ller space of
M is defined by TM =M
−1
M /D
0
M . As it is well known (e.g. see [21]), T (M) is a
contractible manifold of real dimension 6g − 6. Furthermore, it is proved in [6]
that the form obtained on TM from ω
p
MM
by symplectic reduction is 12π2 σWP,
where σWP is the symplectic form of the Weil-Petersson metric on TM . By
Proposition 19 we obtain an equivariant differential character Σ~pMM ∈ Hˆ
2
ΓM
(TM )
with curvature 12π2σWP, where ΓM = D
+
M/D
0
M is the mapping class group of
M . By Corollary 13 Σ~pMM determines (up to an isomorphism) a ΓM -equivariant
U(1)-bundle with connection over TM .
6.6.1 Manifolds with boundary
LetM be an oriented manifold of dimension n = 4k−1 with compact boundary
∂M . We have a homomorphism ρ : D+M → Aut
+F (∂M) and a ρ-equivariant map
f : MM → AF (∂M). By Proposition 11 we obtain an equivariant differential
character (f, ρ)∗Ξ~pF (∂M) ∈ Hˆ
2
D+
M
(MM ), and by Corollary 13 a D
+
M -equivariant
U(1)-bundle with connection over MM . We also have a result analogous to
Proposition 24.
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